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Abstract. In this paper, in terms of the relation between the state and its reduced states, 
we obtain two inequalities which are valid for all separable states in infinite-dimensional 
bipartite quantum systems. One of them provides an entanglement criterion which is strictly 
stronger than the computable cross-norm or realignment (CCNR) criterion. 



1. Introduction 

Quantum entanglement has been subjected to intensive studies in connection with quantum 
information theory and quantum communication theory [I]. One basic problem for quantum 
entanglement is to find a proper criterion to determine whether a given state of a composite 
system is entangled or not 0EHUE1E1E1E1E1 ^ ^ ^ ' Although considerable progress 
has been achieved in this field, this problem is not fully explored yet except for the case of 
2 <g> 2 and 2 <g> 3 systems [3 O [L3]. 

By definition, a bipartite state p acting on a separable complex Hilbert space H = Ha®Hb 
is called separable if and only if it can be written as 



p = ^2p t pf®pF, X)ft = i, ft>o (i) 



or it is a limit of the states of the above form under the trace norm topology p3], where p 



A 

i 

and pf are (pure) states on the subsystems associated to the Hilbert spaces Ha and Hb, 
respectively. A state that is not separable is said to be entangled. Particularly, if a state can 
be represented in the form as in Eq.(l), it is called countably separable [15] . Observing that, 
for finite-dimensional systems, all separable states are finitely separable. However, there do 
exist some separable states which are not countably separable in infinite- dimensional systems 

For finite-dimensional systems, a very elegant criterion for the separability is the so-called 
computable cross norm or realignment (CCNR) criterion proposed by Rudolph in [16] and 
Chen and Wu [T7j. The CCNR criterion states that if p is a separable state on Ha <8> Hb with 
(HuiHa <8> Hb < +oo, then the trace norm ||/9^||tt of the realignment matrix p R of p is not 
greater than 1. By exploring the relation between the state and its reduced states, Zhang et 
al [18] investigated a criterion beyond the CCNR criterion. It is showed in [18J that a state 
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acting on Ha ® Hb with dim. Ha ® i?B < +00 is separable implies that 



{p — PA® Pb) R H < ^[1-Tr(^)][l-Tr(p|)] 



(2) 



and 



|| (p -PA® Pb) Tb lb < 2^[1-Tr(^)][l-Tr(p|)] 



(3) 



Here, C fi denotes the realignment matrix of the block matrix C = [Cij]N A xN A with djS are 
Nb x iVg complex matrices, where dim Ha = Na and dim Hb = Nb- \\ ■ |b denotes the trace 
norm and C Tb denotes the partial transposition of C with respect to the subsystem B. The 
inequality (2) provides a criterion which is stronger than the CCNR criterion |18| (namely, 
any entangled states that detected by the CCNR criterion can be detected by the inequality 
(2) and there exist some entangled states that can be detected by inequality (2) while they 
can't be recognized by the CCNR criterion). 

Very recently, we established the realignment operation and CCNR criterion for infinite- 
dimensional bipartite systems [191 120] . It is showed in [19] that ||p |b < 1 whenever p is a 
separable state acting on Ha <8> Hb with dim ii^ ® Hb < +00. The aim of this paper is to 
establish the analogous inequalities as (2) and (3) for infinite-dimensional case. In addition, 
as one might expect, we show that the obtained criterion is stronger than the CCNR criterion 
proposed in [TS], and furthermore, it can detect some PPT entangled states (i.e, the entangled 
states with positive partial transposition) which can not be detected by the CCNR criterion. 
It should be pointed out that the corresponding inequalities for infinite-dimensional case can 
not be derived straightforwardly from that of the finite-dimensional case. The situations grow 
more complicated in the case of infinite-dimensional case. 

In detail, our paper is organized as follows. In Sec. II we propose some properties of the 
reduced density operators for both finite- and infinite-dimensional bipartite systems. We 
show that the reduced states stand close to each other whenever the composite states are 
closed to each other. Then in Sec. Ill we propose a practical criterion based on the relation 
p — PA® Pb- The obtained criterion is strictly stronger than the CCNR criterion. Sec. IV is a 
short conclusion. 

Throughout the paper, we use the bra-ket notations. (-|-) stands for the inner product in 
the given Hilbert spaces. The set of all (bounded linear) operators on a Hilbert space H is 
denoted by B(H), the set of all trace class operators on H is denoted by T(H) and the space 
consisting of all Schattern-p class operators on H is denoted by C P (H). A E 13(H) is self- 
adjoint if = A (A< stands for the adjoint operator of A); A is said to be positive, denoted 
by A > 0, if A^ = A and (^|A|^) > for all \ip) £ H. A T stands for the transposition of the 
operator A. By S(Ha), <S(Hb) and S(Ha®Hb) we denote the sets of all states acting on Ha, 
Hb and Ha ® Hb, respectively. By S sep (HA ® Hb) we denote the set of all separable states 
in S(Ha ® Hb)- We fix in the 'local state spaces' Ha and Hb orthonormal bases {|?7i)} m =i 
and {\fj)}^=i, respectively, where dim Ha = Na and dimi^e = Nb (Na/b mav be +00) (note 
that we use Latin indices for the subsystem A and the Greek indices for the subsystem B). 
The partial transposition of p G S(Ha ® Hb) with respect to the subsystem B (resp. A) is 
denoted by p Ts (resp. p T - A ), that is, p Ts = (I a ®T)p (resp. p TA = (T ® Ib)p), where T is 
the map of taking transpose, TC = C T , with respect to a given orthonormal basis. 
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2. The reduced density operators 

To describe subsystems of a composite system, one needs the reduced density operator. It 
is so useful as to be virtually indispensable in the analysis of composite systems [1]. In this 
section, we discuss some properties about the reduced density operators. 

Let Ha and Hb be complex Hilbert spaces with dim Ha <8> Hb = +oo, p = \ip){ifj\ 6 
S(Ha <8> Hb) be a pure state. We write \ip) = d m ^\m)\p) . It is clear that = (cZ m/ J can 

be regarded as an operator from Hb into Ha and it is a Hilbert-Schmidt class operator with 
the Hilbert-Schmidt norm ||£L,||2 = HIVOII- Under the given bases, we have 

p A = Tr^(p) = {I a ® Tr)p 

= (I A <g>Tr)( J2 dmnd w \m){n\®\p){v\) 

m,iJ,,n,v 

= E d m ^d nu Tr(\p)(v\)\m)(n\ 

m,fi,n,u 

= d mfl d n ^\m)(n\ 

m,n,ii 

= Y^(J2dmfj,d nfJi )\m)(n\ = DD^ . 

m,n fA 

Similarly, Tta(p) = (Tr ® Ib)p = Pb = D^D. For any mixed state p € S(Ha <8> Hb), let 
P = ^2Pi\ipi){ipi\, \i>i) £H A ® H B , pi > 0, = 1, 

i i 

be the spectral decomposition. Write = Yl dmn\m)\p) and Di = {dm^)- It turns out that 

pa = Y,Pi D i D l pb = I>A f A. (4) 

i i 

That is, pa = J^PiDiDj and ps = ^2piDjD{ are reduced density operators [for the finite- 

i i 

dimensional case, the discussion above is obvious (also see in |21j)]. 

If P, Q € S(Ha®Hb), and p stands close to g, then, what about the distance between pa/b 
and gA/B^ 111 fact, we have 

Proposition 1 Let Ha and Hb be complex separable Hilbert spaces with dim Ha®Hb < 
+oo, p, pk £ S{Ha ® -Kb), A; = 1, 2, . . . and lirn& pk = p in trace norm. Then 

lim PA(fc) = PA and lim p B(k) = p B , (5) 

in trace norm, where p A {k) = Tfs(Pfc) and /o B(fe ) = Tr^(p fc ). 

Proof Take orthonormal bases {\m)}^} =l and of and Hb, respectively. With 

respect to theses bases, we can write py. and p in the matrix form p^ = (cr^n) and p = (a mn ), 
where a^} n ,a mn G T(H B ). Then p A ( fc) = (Tr(cr^)) and pa = (Tr(cr mn )). Since p fc -> p 
as A; — >■ oo under the trace norm topology, we have a m n —> Pmn as k —> oo under the trace 
norm topology for each (m, n)-entry. Hence Tr(o"mn) Tr(<j mn ) for any m,n, that is, PA(k) 
converges to pa entry- wise. Note that T(H) is the dual space of Bo(H), here B$(H) denotes 
the Banach space of all compact operators on H. It follows that, p A (k) converges to pa under 
the weak star topology a(T(H),Bo(H)). It is known from [22J that the weak-star topology 
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coincided with the trace norm topology on S(H). Therefore, we conclude that pA(k) ~^ Pa as 
k — > oo under the trace norm topology. 

Similarly, one can show that p^ — > p as k — > oo implies that PB(k) — >■ Ab as /c — > oo. □ 

This proposition also implies that the trace operation is completely bounded under the 
trace norm topology on the set of all states. 

3. Detecting entanglement by inequalities induced from the CCNR criterion 
The main result of this section is the following. 

Theorem 1 Let Ha and Hb be complex separable Hilbert spaces with dim Ha <8> Hb = 

+oo, p <E S sep (HA <8> Hb). Then 

\\(P -PA® Pb) R H < 01-Tr(^)][l-Tr(p|)] (6) 

and 

|| ( P -PA® Pb) Tb |K < 201-Tr(^)][l-Tr(^)], (7) 

where pa = Tr b(p), Pb = Tr^p), and p R stands for the realignment operator of p. 

There are three equivalent definitions of the realignment operator of an operator in Cz{Ha® 
Hb) [19j, one of them is the following: 

Lemma 1 (Guo et al. |19| ) Let Ha and Hb be complex Hilbert spaces with dimii^ ® 

Hb = +oo and let C S Ci{Ha <8> Hb) be a Hilbert-Schmidt operator with C = ^ <S> Bk, 

k 

where Ak = a mn| m )( n l S C 2 (i?^), B^ = Yl^v\p}{^\ S C-2{Hb) and the series converges 
in Hilbert-Schmidt norm. Then 

C* = £L4 fc >(£ fe |, (8) 

k 

where the series converges in Hilbert-Schmidt norm, \A^) = ^ a$ n \m)\n), \Bj.) = ^2b^}\p)\v), 

m,n fj,,u 

(Bk\ denotes the transposition of \Bf-). 

In order to prove Theorem 1, some more lemmas are needed. The following lemma is well 
known for mathematicians and we include a proof of it here for readers' convenience. 

Lemma 2 Let Ha and Hb be complex separable Hilbert spaces with dim Ha®Hb = +oo, 
A € C p (Ha), B G C p (Hb) and 1 < p < +oo. Then A ® B £ C p (Ha <8> #b)> and further more, 

\\A®B\\ P = \\A\\ p \\B\\ p . 

Proof Let A = \J\D\V\ and B = U2D2V2 be the singular value decomposition of A and 
B, respectively, where D\ = diag(Ai, A2, • • • , A n , • • • ) and D2 = diag(A' 1 , A' 2 , • • • , A^, • • • ) 
with Ai > A 2 > • • • > A n > • • • and X[ > A' 2 > • • • > A' n > • • • . It follows that 

pn P = (E A i)" and ii£ii P = (E A ?)"- 

% i 

Write Ui®U 2 = U, D x ® D 2 = D and V 1 (g>V 2 = V. Then we have A®B = (U^Vi) ® 
({7 2 -D 2 V 2 ) = {Ui <8> U 2 )(D 1 ® Z> 2 )(Vl ® F 2 ) = t/W. Since L> is a diagonal operator with 
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diagonal entries {AjA'}, one sees that 



\A®B\\ P 



(EAfAf)^ 



3 
3 



3 
3 



1411 IIRII 



as desired. □ 

Lemma 3 Let Ha and Hb be complex separable Hilbert spaces with dim Ha® Hb = +oo 
and {pk} be a sequence in S sep (HA ® Hb)- Then {pk} converges to p in trace norm implies 

lim pi* = p TB (9) 

k— >oo 

in trace norm. 

Proof Since pk converges to p in trace norm implies pk converges to p entry-wise, thus 
p^ B converges to p Te entry-wise as well. And it is obvious that p is separable, thus p Ta is 
also a state. This implies that lim pJ^ B = p Ts with respect to the trace norm since the trace 

fc— >oo 

norm topology coincide with the weak-star topology on S{Ha ® Hb)-0 

The proof of Theorem 1 We prove the inequality (6) firstly. Denote by S s - P the set 
of all separable pure states in S{Ha ® Hb)- If p is separable, then it admits a representation 
of the Bochner integral |15j 



<P(P A ®p B W(p A ®p B ), (10) 



S 3 



where p is a Borel probability measure on S s - P , p A (g> p B E S s - P and <p : S s 
measurable function. It immediately follows that 



PA= / ^{P A ® P B ) A dp{p A ® p"), (11) 

and 

p B = I <p(p A ®p B ) B dp(p A ®p B ), (12) 
where ip(p A ® p B ) A = Tr B Mp A ® p B )}, v{p A ® = Tr^O^ ® P B )}- 
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Observe that 

P~ PA® PB 

= f Ss _ tp(p A ® p B ) A ® if(p A ® p B ) B dp{p A ® p B ) 

-iJ Ss ^(p A ®P B ) A dp{p A ®p B )) 

®{j Sa _ p <P(P A ® p B ) B dp(p A ® p B )) 
= I Ss jL s _^(p A ®p B ) A dp(a A ®a B )) 

®ip(p A ® p B ) B dp(p A ® /9 s ) 

-(/ 5s _ p ^®p B )^MP A ®/> B )) 
®(J*5 ® p B ) B dp(p A ® p B )) 

= k. p ^ ® ® ^(P A ® 
®p B )dp{a A ®a B ) 

®(p(p A ® p B ) B dp(p A ® p B )dp,(a A ® a B ) 

= S Ss „J Ss _M pA ® pB)A ® ^ pA ® pB)B 

-<p{a A ® cr B ) A ® ® p B ) B ) 
■dp(p A ® p B )dp{a A ® a B ) 

= Ss^Ss 3 -Mp a ®p b ) a -^ a ®° b ) a ) 

®(p(p A ® p B ) B dp(p A ® p B )dp(a A ® a B ) 

= \ fs.-, fs s J<P(P A ® P B ) A - ® * fl ) A ) 
®(^(/=> A (8) p B ) B - V9((T A ® a- 8 )- 6 ) 
® p B )dp[o A ® cr B ), 

where <t a <g> a B G 5 s _ p . We can arrive at 

{?- PA® Pb) R 

= \ Js_ p ® ^ " ^ ® 

®(p(p A /9 B ) B - </?(ct a ® o- B ) B )] R 
•c^(p A ® p B )dp((T A ® cr B ) 

with respect to the Hilbert-Schmidt norm since the realignment operation is continuous in 
the Hilbert-Schmidt norm |19| . It turns out that 

\\(p - PA® PB) R \\Tr 

< \ k. p k. P II Mp a ® p b ) a - ^ A ® 

®0(p A ® /9 B ) B - V?(fJ A ® CT B ) B )} R \\ Tr 

■dp(p A ® p B )dp(a A ® a B ). 

On the other hand, we let ip(a A ®a B ) A = \x)(x\, ip(a A ®a B ) A = \y)(y\, ip{p A ® p B ) B = \f){f\ 
and <p{a A ® a B ) B = \g)(g\, where \x) = {x x , x 2 , x n , • • • ) T , \y) = (yi, 2/2, 2M, 
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• ) T € H A , I/) = (/i, f 2 , • • • , f n , ■ ■ ■ ) T and \g) = ( gi , g 2 , ■ ■ ■ , g n , ■ ■ ■ ) T € H B . Then 



\\( V (a A ® a B ) A - V (a A ® a B ) A ) 

®(ip(p A ® p B ) B - <p{a A ® a B ) B ) R \\Tr 
= \\{\^(a A ®a B ) A )-\^{a A ®a B ) A )) 

■{^(p A ®p B ) B \-^(o A ®cj B ) B \)U 
= \}2{xiXj - yiVj){xiXj - yiyj)]* 

•E(/i/j - 9i9j)(fifj ~ 9i9j)}^ 
i,j 

= Ed^jl 2 + l2/i2/il 2 - XiXjViVj - XiXjyiyj)]^ 

■[J2(\fifj\ 2 + Ifi5i! 2 - /i/j&Sj - fifj9i9j)}^ 
hi 

= ( 2 - Y.(xiXjmyj + XiXjyiyj))^ 

•( 2 - J2(fifj9i9j + Iifj9i9j)P 

= 2[(l-Tr(tp(a A ®a B ) A p(a A ®a B ) A )) 
•(1 - Tr(p(p A ® p B ) B (p(a A ® <r B ) B ))]i 

Now, we have 

\\(P ~ PA ® PB) R hr 

< Is.-, kJ l ~ ® O 55 
•[1 - Tr(<X/ ® p B ) B <p{<* A ® 

•^(/r 4 <g> p B )dp(a A ® a B ) 

< Lfe_ p / 5s _ p ll(i - Tr (^ A ® ® 

■<i//(p A ® p B )dp(a A ® a B )}^ 

ih. p k. p ll(i " Tr M^ A ® OM^ A ® 

•d/z(p A ® p B )dp{a A ® cr B )]5 
= [(1-Tr(pi))(l-Tr(p|))]i 

(by Cauchy-Schwarz inequality we can obtain the second inequality.) 

Now we begin to show the inequality (7). If p is countably separable, we let p = ^2iPipf ® 
pf . Then, by Lemma 2, we have 

\\{p-Pa® Pb ) Tb \\ Tr 

= \\\^PM ~ Pf) ® (Pf ~ Pf)U 

< h^PiPMpf - pf) ® (pf - pf)lb 
= ^Ewlk A -p/lbl|p?-pf||T r 

= iEftPill^-pflbllpf-pflb 
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since 

P~ PA® PB 

= EPipf^pf-iEiPipf)®^^) 

= UPjpf) ® M) - (Ei Pipf ) ® (Ej PiPf ) 

= E[(pj^) ® (Pipf ) - (Pipf) ® fepf )] 

= E w (pf ® - ® pf ) 

S3 

Noticing that, rank(p^ — pj 1 ) < 2, Tr(p^ — pj 1 ) = and {pf — pf)^ = pf — pf, we can 
conclude that the eigenvalues of pf — pf are a, —a, a > which implies that the singular 
values of pf — pf are a, a. It follows from Tr[(pf — pf ) 2 ] = 2a 2 that \\pf — pf \\ti = 

^2Tv[(pf-pfy] = 2^1 -Tr{pfpf). Similarly, we have \\pf - pf |b = 2^1 - Tr(pf pf ). 
Thus, by Cauchy-Schwarz inequality, we arrive at 

II (p -PA® Pb) Tb lb < 2^[l-Tr(p 2 A )][l-Tr(p|)]. 

If p is not countably separable, then there exists a sequence of countably separable states 
{<7 n } such that limcr n = p with respect to the trace norm. It follows from Proposition 1 and 
Lemma 3 that, 

||(p-p A ®p B ) Ts ||Tr 

= lim ||(<7„ - a A {n) (g> a B{n) ) TB |b 

< Jim o 2 v /[l-Tr(^ (n) )][l-Tr(a| (n)) ] 

= ^[l-Mp\)][l-Tr(pl)i 

where a A ( n ) = Tr B (cr n ) and a B ( n ) = TrA(o-„).D 

We assert that inequality (6) can detect all states that can be recognized by the CCNR 
criterion. In fact, if ||p fi |b > 1, then ||(p — pa ® PB) R |b > Hp^lb — \\{pA ® Pb) R \\tv = 
\\p R hr ~ ||| pA)(PB||b = IIP fl lb ~ \ \pAh ■ \\Pb\\2 > 1 - \\Pa\\i ■ \\Pb\\2- Therefore, 1 - ||pa||2 ■ 
||Pb||2 > \J[1 — Tr(p A )][l — Tr(p^)]. In what follows, we will show that the inequality (6) in 
Theorem 1 provides a criterion that can detect some PPT entangled state p with Hp^lb < 1- 

Example Let Ha and Hb be complex Hilbert spaces with orthonormal bases {|0), 
|2), . . . } and {|0'), |1'), |2'), ■ • • }, respectively. Let < a < 1 and 

P = 8^t(I° 0/ )(° 0, | + |01 r > <01 r I + |02')(02'| 

+|00')(11 / | + |00 / )(22 / | + |11')(00'| + |22')(00'| 
+ |10 / )(10 / | + |11 / )(H / | + |12')(12'| 
+ |ll / )(22 / | + |22')(11'| + |21 / )(21 / |) 
+^(|20'}(20'| + |22 / )(22 / |) 
+ ^Z(|20 / )(22 , | + |22'}(20'|). 

Write 

P 2 
p~ = e p + (l- e ) * P 3 = £ KXWM'I- 

i,j=Q 
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If dim Ha = dim Hb = 3, it is obvious that 



V 



(is a bound entangled state [23]) and 
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1(1 + a) 



ep+(l-e)-, 



1 



8a + 1 

It is showed in [17J that, for 3 <8> 3 system, p e is entangled when e > 0.9955 and a = 0.236 
applying the CCNR criterion. Using inequality (2), it is found that p e is still entangled when 
e = 0.9939 and a = 0.232 [18]. It is straightforward that 



p e is entangled whenever e > 0.9939 and a = 0.232. 



Define 



+oo 



+oo 

E 

t=3 



a = S ^p i \i){i\®\i'){i\, pi > 0, 
i=3 

It is clear that a is separable. Now we let 

P~e,c = Cp~e + (1 - c)(7, < C < 1 



Pi 



1. 



(15) 



then Hp^c^Tr = c l|Pe^l|Tr + 1 — c since IIct^IItt = 1 and it is evident that p^ c Tax * b > 0. On 
the other hand, one can find that p~A = Tta(p7,c) = cTrA(p~e) + (1 — c)Tr^(cr) and = 
Tvb(p7,c) = cTrB(p e ) + (1 — c)Ttb((t). Together with the fact that the trace operation is 
completely bounded, we can conclude that there exists some < cq < 1, 0.9939 < eo < 0.9955 
and < e < 0.232 such that p1 }C violates the inequality (6) whenever c > cq, 0.9939 < e < eo 
and 0.232 - e < a < 0.232 + e while ||/or, c fi ||Tr < 1 and p~ e ,^ A ^ B > whenever c > c , 
0.9939 < e < e and 0.232 - e < a < 0.232 + e. 



4. Conclusions 

In conclusion, an entanglement criterion beyond the CCNR criterion for infinite-dimensional 
systems is proposed: Based on the CCNR criterion for infinite-dimensional systems, we high- 
lighted the relation between separable states and the reduced states via realignment operation 
or partial transposition; It is showed that the obtained inequality can detect more entangled 
states than the CCNR criterion. It should be stressed here that the proof of our main result 
needs new tools which is very different from the finite-dimensional case. 
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University (2011-B-01). 
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